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j^jQj Abstract. In this paper, we give some effective bounds for the jr'-invariant 

_ of integral points on arbitrary modular curves over arbitrary number fields 

assuming that the number of cusps is not less than 3. 



1. Introduction 

For a positive integer N, let X(N) be the principal modular curve of level N. Let 
G be a subgroup of GL 2 (Z/NZ) containing — 1, and let Xq be the corresponding 
modular curve. We denote by det G the image of G under the determinant map 
det : GL 2 (Z/NZ) -> (Z/NZ)*. This curve is defined over Q{( N ) dctG , where ( N = 
e 27ri / N . So in particular it is defined over Q if dctG = (Z/NZ)*. We denote by j 
the standard j-invariant function on Xq. We use the standard notation Voa for the 
number of cusps of Xq. 

Let Ko be a number field containing Q(CN) dct G ■ Then Xq is defined over Kq. Let 
Sq be a finite set of absolute values of Kq, containing all the Archimedean valuations 
and normalized with respect to Q. We call a iC -rational point P £ Xq(K ) an 
So-integral point if j(P) £ Os , where Os is the ring of S^-intcgcrs in K . 

By classical Siegel's finiteness theorem [24], Xq has only finitely many S'o-integral 
points when Xq has positive genus or > 3. But the existing proofs of Siegel's 
theorem are not effective, that is they don't provide with any effective bounds for 
the j-invariant of S'o-integral points. 

Since 1995, Yuri Bilu and his collaborators have succeeded in getting effective 
Siegel's theorem for various classes of modular curves. Bilu [7, Proposition 5.1] 
showed that the j-invariant of the So-integral points of Xq can be effectively 
bounded provided that Voo > 3, but there was no quantitative version therein. 
Afterwards, Bilu [9, Theorem 10] proved that the j-invariant of integral points of 
Xq(N) could be effectively bounded if TV {1, 2, 3, 5, 7, 13}, and Bilu and Illcngo 
[10] obtained similar results for "almost every" modular curve. But they still gave 
no quantitative results. 

By using Rungc's method, the first explicit bound for the j-invariant of the So- 
integral points of Xq was given in [11, Theorem 1.2] when Xq satisfies "Runge 
condition". When G is the normalizer of a split Cartan subgroup of GL2(Z/pZ), 
where p is a prime number, this bound can be sharply reduced, see [11, Theorem 
6.1] and [12, Theorem 1.1]. In particular, the authors in [11, 12, 13] showed various 
and interesting applications of these bounds, such as rational points of modular 
curves [11, 13], Serre's uniformity problem in Galois representation [12], and so on. 
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Most recently, without Runge condition and by using Baker's method, Bajolet 
and Sha [5] gave an explicit bound for the j-invariant of integral points on X^ B (p), 
which is the modular curve of a prime level p corresponding to the normalizer of a 
non-split Cartan subgroup of GL2(Z/pZ), p > 7. Furthermore, a general method 
for computing integral points on X+ S (p) is developpcd in [4]. 

In this paper, we apply Baker's method, based on Matveev [22] and Yu [27], to 
obtain some effective bounds for j-invariant of the integral points on Xq without 
assuming Runge condition but assuming that > 3. 

We denote by h(-) the usual absolute logarithmic height. For P G Xq(Q), we 
write h(P) = h(j(P)). Now we would like to state the main results. 

Theorem 1.1. Assume that Kg C Q(£at), N is not a power of any prime, > 3, 
and Sq only consists of infinite places. Then for any So-integral point P on Xq, 
we have 

h(P) < C^ N ) N ^(N) + 12 (bg JV) 4 v (JV)-3 ) 

where C is an absolute effective constant and f(N) is the Euler's totient function. 

Actually, we obtain a more general Theorem 1.2 below, which applies to any 
number field and any ring of So-integers in it. 

Put do = [Ko : Q] and so = |So|- We define the following quantity 

(1.1) A = d- d ^N^\Do\ N (\og(N d " N \D \ N )) d ° N HlogM Ko /®(v) 

ves 

\v\oc / 

where Do is the absolute discriminant of Ko, and the norm of a finite place is, by 
definition, the absolute norm of the corresponding prime ideal. We denote by p the 
maximal rational prime below So, with the convention p = 1 if So consists only of 
the infinite places. 

Theorem 1.2. Assume that N is not a power of any prime and > 3. Then for 
any So-integral point P on Xq, we have 

HP) < {CdoSoN 2 f SoN (\og(d Q N)) 3 p d " N A, 

where C is an absolute effective constant. 

The situation is different when N is a prime power, see Section 7. In this case 
we define 



2N if N is not a power of 2, 



M 



3N if TV is a power of 2. 
Notice that Xq is also a modular curve of level M. 

Theorem 1.3. Assume that N is a power of some prime and i^o > 3. Then for 
any So-integral point P on Xq, we can get two upper bounds for h(P) by replacing 
N by M in Theorem 1.1 and 1.2. 
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2. Notations and conventions 

Through out this paper, log stands for two different objects without confusion 
according to the context. One is the principal branch of the complex logarithm, in 
this case will use the following estimate without special reference 

|io g (i + ,)|<Mi^N, 

r 

for \z\ < r < 1, see [11, Formula (4)]. The other one is the p-adic logarithm 
function, for example see [19, Chapter IV Section 2]. 

Let T-L denote the Poincare upper half-plane: Ti = {r £ C : Imr > 0}. For r £ T-L, 
put q T = e 2 " r . We also put U = HUQU{ioo}. If T is the pullback of GnSL 2 (Z/7VZ) 
to SL,2(Z), then the set Xg(C) of complex points is analytically isomorphic to the 
quotient Ti/T, supplied with the properly dchned topology and analytic structure. 
Moreover, the modular invariant j defines a non-constant rational function on Xq, 
whose poles are exactly the cusps. See any standard reference like [21, 23] for all 
the missing details. 

For a = (ai,a 2 ) £ Q 2 , we put 4 = B 2 (a 1 -[a 1 \)/2, where B 2 {T) = T 2 -T+\ is 
the second Bernoulli polynomial. Obviously \t & \ < 1/12, this will be used without 
special reference. 

Let An be the subset of abelian group (iV _1 Z/Z) 2 consisting of the elements 
with exact order N. Obviously, 

\A N \=N 2 l[(l-p- 2 )<N 2 , 

p\N 

the product runs through all primes dividing N. Moreover we always choose a 
representative element of a = (01,02) £ (N~ 1 Z/Z) 2 satisfying < 01,02 < 1. So 
in the sequel for every a £ (iV^Z/Z) 2 , we have £ a = B 2 {a\)/2. 

Throughout this paper, we fix an algebraic closure Q of Q, which is assumed 
to be a subfield of C. Every number field used in this paper is presumed to be a 
subfield of Q. 

For a number field K, we denote by Mk the set of all valuations (or places) of 
K extending the standard infinite and p-adic valuations of Q: |2|„ = 2 if v £ Mk is 
infinite, and \p\ v = p^ 1 if v extends the p-adic valuation of Q. We denote by 
and M K the subsets of Mk consisting of the infinite (Archimedean) and the finite 
(non- Archimedean) valuations, respectively. 

Given a number field K of degree d, for any v £ Mk, K v is the completion of K 
with respect to the valuation v and K v its algebraic closure. We still denote by v 
the unique extension of v in K v . Let d v = [K v : Q v ] be the local degree of v. 

For a number field K of degree d, the absolute logarithmic height of an algebraic 
number a £ K is defined by h(a) = d _1 X^eAfK- log + \a\ v , where log + \a\ v = 
logmaxllal,,, 1}. 

Throughout the paper the symbol <C implies an absolute effective constant. We 
also use the notation O v (-). Precisely, A = O v (B) means that \A\ V < B. 



3. Preparations 

3.1. Siegel functions. Let a = (01,02) £ Q 2 be such that a Z 2 , and let g a : 

% — >• C be the corresponding Siegel function, see [20, Section 2.1]. We have the 
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following infinite product presentation for <? a , see [If, Formula (7)], 

oo 

flaOr) = - q B2M/2 e ^a 2 ( ai -l) (1 q? +ai e 2 ™ 2 ) (f - q ^+^i e ^a 2 y 

n=0 

For the elementary properties of g a , please see [20, Pages 27-3f]. Especially, the 
order of vanishing of g a at ioo (i.e., the only rational number £ such that the limit 
linv-i.ioo q^ e g a exists and is non-zero) is equal to £ a . 

For a number held K and v £ Mx, we define g a (q) as the above, where q £ K v 
satisfies \q\ v < 1. Notice that here we should fix q 1 /( 12N ) £ K v , then everything is 
well defined. 

Given two positive integers k and £, we denote by the set of partitions of k 
into positive summands, and let pe(k) be the number of partitions of k into exactly 
£ positive summands. By [3, Theorem 14.5], we easily get 

\P k \<e k/2 , fc>64. 
Then according to the table of partitions or computer calculations, we can obtain 

\P k \<e k/2 , k>l. 
Proposition 3.1. Let a £ An- If q £ K v satisfies \q\ v < 1, then we have 

oo 

-^NaWgHl+^aW^, 

fe=l 

where 

_ ( e^i^-i) t j ffll ^ Qj 

7a ~ \ e~" Q2 (1 - e 2 " Q2 ) if oi = 0; 

and 

a (fe)= £ m £ (-e 2 ™ 2 /+ £ m' e (-e~ 2 ™*f+ £ £ m Wa (-e 2 ™ 2 )^ , 

where S^ k , S 2 k and S^ k are three subsets of {1 , 2, • • • , \ k/N\ +1}, T^ fc is a subset of 
{(•^l) ^2) : 1 < ^1, ^2 < L^/-^J + 1, ^1 + ^2 = ^} } a^d n^, are some positive 

integers. In particular, we have 

\Mk)\v<e k . 

Proof. In this proof, we fix an integer k > 1. 

Suppose that a x = fci/iV with < ki < N - 1. Let Si = {nN + k x : < n < 
[k/N\,0 < nN + kx < k} and S 2 = {nN + N-ki : < n < [k/N \,nN + N - k x < 
k}. It is easy to see that if k\ — or N/2, then Si = S2; otherwise Si n S2 = 0. 

Notice that the coefficient of q k ' N equals to the coefficient of q k in the expansion 
of the following finite product, 

(3.1) Y[ i 1 Q n e 2 " a2 ) q n e~ 2lTia2 ). 

If Si and S2 are both empty, then the coefficient equals to 0. 

We say £ £ S* k if and only if there exist £ positive integers in Si such that the 
sum of them equals to k, and let mi count the number of different ways. Similarly 
for the definitions of S 2 h and m'«. 
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We say £ G S^ k if and only if there exist £\ positive integers in Si and £2 positive 
integers in S 2 such that the sum of them equals to k, then (^1,^2) € T^ k and let 
m^ 2 count the number of different ways. 

Then the desired expression of a (fc) follows easily from the definitions. 

For each element x € P k , let m x be the number of the times of x appearing in 
the expansion of (3.1). Then we obtain 

i0 a (»k < ^2 me + m 'i + X! m ^ 

£ e s L £ e s L ^Sl k (i u i 2 )eTl k 

= ^2 mx - 

xeP k 

If fci 7^ and N/2, then Si fl S 2 = 0- So for each a; G Pfc, we have m x = or 1. 
Hence, 

J2 m -< \Pk\<e k/2 . 

xeP k 

If ki = or AT/2, then Si = S 2 . Suppose that [fc/iVj > 3. Given x G P k with £ 
entries, if I < \k/N\, then we have m x < 2 , otherwise we have m x = 0. Hence, 

£ 2%(k)<2W N i\P k \<e k . 

x£P k t<\_k/N\ 

If \k/N\ < 2, one can verify the inequality by explicit computations. □ 

3.2. Modular units on X(N). Recall that by a modular unit on a modular curve 
we mean that a rational function having poles and zeros only at the cusps. 

For a G (iV _1 Z/Z) 2 , we denote g^ 2N by u a , which is a modular unit on X(N). 
Moreover, we have u a = w a < when a = a' mod Z 2 . Hence, it a is well-defined when 
a is a non-zero element of the abelian group (iV^Z/Z) 2 . For more details, see [11, 
Section 4.2]. 

Furthermore, the Galois action on the set {w a } is compatible with the right 
linear action of GL 2 (Z/iVZ) on it. That is, for any a G Gal(Q(X(7V))/Q(j)) = 
GL 2 (Z/7VZ)/ ± 1 and any a G (iV^Z/Z) 2 , we have 



Here wc borrow a result and its proof from [4] for subsequent applications and 
the conveniences of readers. 



Proposition 3.2 ([4]). We have 



i27v I i£ if N is a power of a prime £, 

±1 if N has at least two distinct prime factors, 



11 u a = ±$ N {l) 

ad An 

where $n is the N-th cyclotomic polynomial 



Proof. We denote by u the left-hand side of the equality. Since the set An is stable 
with respect to GL 2 (Z/iVZ), u is stable with respect to the Galois action over the 
field Q(X(1)) = Q(j). So u G Q(j)- Moreover, since u is integral over Z[j], u G Z[j]. 
Notice that X(l) has only one cusp and u has no zeros and poles outside the cusps, 
so we must have u is a constant and u G Z. 
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Furthermore, we have 

oo 

u _ J~J q6NB 2 (a 1 ) e 12NTria 2 (a 1 -l) TT ^ _ ^n+ ai e 2wia 2 )12JV ^ _ ^n+l-ai e ~2-Kia 2 jl2N 

(a!,a 2 )£A N «=0 
1=° J~J ^ _ e 2TTia 2 ^12N 



ai=0 



± II ^ _ e 2klTi/N ) 12N 



l<k<N 
gcd(fc,Af) = l 

±$ N (l) 12Ar . 



□ 



3.3. Xq and X^. Let G\ = G C\ SL 2 (Z/7VZ) and JQ^ be the modular curve 
corresponding to G±. In this subsection, we assume that X Gl is defined over a 
number field K. Then Xq is also defined over K. Since and X Gl have the 
same geometrically integral model, every if-rational point of Xq is also a X-rational 
point of X Gl - 

For each cusp c of Xgj , let t c be its local parameter constructed in [11, Section 3]. 
Put q c = t e c a , where e c is the ramification index of the natural covering Xq 1 — > X(l) 
at c. Notice that e c \N. Furthermore, for any v £ Mr-, let fi Cj „ be the set constructed 
in [11, Section 3] on which t c and q c arc defined and analytic. Here we quote [11, 
Proposition 3.1] as following. 

Proposition 3.3 ([11]). Put 

Y (K ( Pe X gAK v ) : |i(P)k > 3500} ifv £ M%, 

Gl[ v) ~ 1 {P G X Gl (^) : |j(P)|„ > 1} « £ 

TTien 

x Gi (k v )+ c(Jn Ci „ 

c 

wii/i equality for the non- Archimedean v, where the sum runs through all the cusps 
of Xq 1 . Moreover, for P £ Ci „ we have 

\\3{P)U<\q c {Pr%<\\3{P)U 
ifv is Archimedean, and \ j(P)\ v = \qc{P)~ 1 \v ifv is non-Archimedean. 

We will use the above proposition several times without special reference. More- 
over, this proposition implies that for every P £ Xq 1 (K v ) + there exists a cusp c 
such that P £ fi C) .u- We call c a w-nearby cusp of P. 

We get directly the following corollary from Proposition 3.1. 

Corollary 3.4. Let c be a cusp of X Gl , v £ Mk and P £ £L c ,v Assume that 
\q c {P)\v < 10~ w . For a £ A N , we have 

q^l^QMP)) = 1 + O v (4\q c (P)\l /N ). 
The following proposition follows directly from [11, Propositions 2.3 and 2.5]. 
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Proposition 3.5. Let c be a cusp of Xg±, v G Mr and P G Cl c<v . For every 
a 6 An, we have 

< log TV ifveMg, 
\\og\g & (q c {P))\ v -l & \og\q c {P)\ v \{ =0 if \N\ V = 1, 



<7?T VvW> 



where I is some prime factor of N . 



3.4. Modular units on Xq 1 . We apply the notations in the above subsection. 

We denote by Mn the set of elements of exact order N in (Z/7VZ) 2 . Let us 
consider the natural right group action of G\ on M.n- Following the proof of [10, 
Lemma 2.3], we see that the number of the orbits of M.n /G\ is equal to v^. 

Obviously, when we consider the natural right group action An/G\, there arc 
also j/qq orbits of this group action. So 

voo < \A N \ < N 2 . 
Let T be any subset of An , we define 

W/ = Y[ "a- 

Let O be an orbit of the right group action An /G\, we have 



(3.2) u = [] 



Ma- 

By [11, Proposition 4.2 (ii)], uo is a rational function on the modular curve Xg x - 
In fact, uq is a modular unit on Xq 1 ■ 

For any cusp c, we denote by Ord c (ue>) the vanishing order of uq at c. For 
v G Mk, define 

( 127V 3 log N if v G MJf , 
p„= if uG Mjf and = 1, 

[ 12N e 3 _ l ° Ri iiv€M° K andv\e\N, 

where I is some prime factor of N. 

Then uq has the following properties. 

Proposition 3.6. (i) Put A = (1 — Ov) 12 ^ 3 - Then the functions uo and Aw^ 1 are 
integral over 

(ii) For the cusp Coo at infinity, we have 

Ord Coo (uo) = 12iVe Coo 

For any cusp c, we have |Ord c (ito)| < iV 4 . 

(iii) Let c be a cusp of Xq 1 , v G Mk and P G Q C v Assume that \q c (P)\ v < 
10~ N . Then we have 

q c (P)-° lMuo)/e °lo>o(P) = 1 + O v (l 12N3 \q c (P)\l/ N ), 

where jo,c G Q«jv) and h(~/o,c) < 127V 3 log 2. 

(iv) Let c be a cusp of Xq x and v G M# . For P G f2 c ,iu we have 



\0g\u (P)\ v - ° Tdc{U0) \0g\q c (P)\ v 



< Pv 
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(v) For v e M%> and P e Xc^Ky), we have 

|log \uo{P)\v\ < N 3 log(\j(P)\ v + 2400) + p v . 

(vi) The group generated by the principal divisor (uq), where O runs over the 
orbits of An /Gi, is of rank — 1. 

Proof, (i) See [11, Proposition 4.2 (i)]. 

(ii) Similar to the proof of [11, Proposition 4.2 (iii)]. The g-order of vanishing of 
uq at ioo is 12 AT ^ l & . Then 

aSO 

0rd Co > o ) = l2Ne Coo 4- 

Since |£ a | < 1/12, we have |0rd Coc (u o )| < Ne Coa \0\ < N 4 . The case of arbitrary c 
reduces to the case c = Coo by replacing O by Oa where a € GL2(Z/A r Z) is such 
that cr(c) = Coo. 

(iii) Similar to the proof of [11, Proposition 4.4] by using Corollary 3.4 except 
for the height of 70. In fact, if c = Coo, we have "fo,c = Y\ iIl 2N ■ Then h(7e> jC ) < 

127V J2 h (7a) < 127V|C|log2 < 127V 3 log 2. The general case reduces to the case 

aGO 

c = by applying a suitable Galois automorphism. 

(iv) and (v) They follow from [11, Proposition 4.4]. 

(vi) By Proposition 3.2, the rank of the free abelian group (no) is at most i/qo — 1- 
Then Manin-Drinfcld theorem, as stated in [20] , tells us that this rank is maximal 
possible. □ 

4. Siegel's theory of convenient units 

We recall here Siegel's construction [25] of convenient units in a number field K 
of degree d, in the form adapted to the needs of the present paper. The results of 
this section are well-known, but not always in the set-up we wish them to have. 

Let S be a finite set of absolute values of K, containing all the Archimedean 
valuations and normalized with respect to Q. Fix a valuation vq € 5*, we put 

S' = S\{v Q }, s=\S\, r = s-l, d' = max{d,3}, ( = 1201 

Let ,£ r be a fundamental system of iS-units. The S'-regulator R(S) is the 

absolute value of the determinant of the r x r matrix 

(4.1) K log v es> 

l<k<r 

(we fix some ordering for the set S'), where d v = [K v : Q v ] is the local degree of 
v. It is well-defined and is equal to the usual regulator Rk when S is the set of 
infinite places. 

Proposition 4.1. There exists a fundamental system of S -units 771, • • • , rj r satis- 
fying 

h(r ll )---h(r ]r )<d' r r 2r R(S), 

((d)- 1 < h(? ]k ) < d-^C^RiS) (k = 1, ■ ■ ■ , r). 

Furthermore, the entries of the inverse matrix of (4-1) are bounded in absolute value 
by r 2r (. 



log d' 
log log d' 
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Proof. See [14, Lemma 1]. Notice that the left-hand inequality in the second in- 
equality is a well-known result of Dobrowolski [15]. □ 

Corollary 4.2. For the unit r\ = rj-, 1 ■ ■ ■ rft. r , where r}\, ■ ■ • ^r\ r are from Proposition 
4-.1 and b\ ■ ■ ■ b r G Z, put B* = max{|6i|, • ■ ■ , |6 r |}, then we have 

Hv) < d- 1 r 2r+1 ( r - 1 B*R(S), 

B* < 2dr 2r (h(ri). 

Proof. We only need to prove the second inequality. 
Write 

r 

d v log\r]\ v = ^d v b k log \rjk\v, v € S'. 
fc=i 

Resolving this in terms of b±, ■ • ■ ,b r and using the final statement of Proposition 
4.1, we obtain 

B* < r 2r C £ d »\ lo S W«l ^ r2 ^E d -\ lo S \VU 

vES' vES 

Since r\ is an 5-unit, 

£ d -\ lo § \n\v\ = d(h( v ) + Kr?- 1 )) = 2dh( v ). 

vES 

Then the corollary is proved. □ 

Finally, we quote two estimates of the S- regulator in terms of the usual regulator 
Rk, the class number hx , the degree d and the discriminant D of the field K . 

Proposition 4.3. We have 

0.1 < R{S) < h K R K J] logJV», 

ves 

R(S) « d- d ^\D\(log \D\f- 1 Y[ logM(v). 

vES 

For the first inequality see [14, Lemma 3]; one may remark that the lower bound 
R(S) > 0.1 follows from Friedman's famous lower bound [16] for the usual regulator 
Rk > 0.2. The second one follows from Siegel's estimate [25, Satz 1] 

h K R K <^d~ d ^\D\{\og\D\) d - 1 - 

in fact there is an explicit bound for KkRk therein. 

5. Baker's inequality 

In this section we state Baker's inequality, which is the main technical tool of 
the proof. It is actually an adaptation of a result in [1]. For the convenience of 
readers, we also quote its proof with slight change. 

For a number field K and v € Mk, we denote by p v the underlying prime of v 
when v is non-archimedean. Next, we let 

• 6*o, 6\, ■ ■ ■ ,8 r be non-zero algebraic numbers, belonging to K; 

• 0o, ©1, • " 1 ©r De re£u numbers satisfying 

fe > max{dh(0j),l} (fc = 0,---,r); 
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• 61, . . . ,b r be rational integers, A = • ■ -9 b r r , B* = {\bi\, \b 2 \, • • • , \b r \}. 

Theorem 5.1 ([1]). There exists an absolute constant C that can be determined 
explicitly such that the following holds. Assume that A / 1. Then for any real 
number B satisfying B > B* and B > max{3, 0i, • ■ ■ , ©r} ; we have 

\A-l\ v >e- r& ^- e ^ B , 

where 

jc r d 2 log(2d), v I 00, 
\(Cd) 2r+6 P i v\ Pv <oo. 

Proof. The Archimedean case is due to Matveev, see Corollary 2.3 from [22]. We 
use this result with n = r + 1, with 1, bi, . . . , b r as Matveev's b n , bi, . . . , b n -i, re- 
spectively, Go,0i,...,6r as Matveev's A n , A\, . . . , A n -i, respectively, and B as 
Matveev's B. 

Notice that Matveev assumes (in our notations) that 

(5.1) e fc >|io g fc |, 

with some choice of the complex value of the logarithm. However, if we pick the 
principal value of the logarithm, then 

|lo g fe | < |]Gg|0jk||+7r<tfli(0 3 -)+*-< (l+7r)©fe- 

Hence we may disregard (5.1) at the cost of increasing the absolute constant C in 
the definition of T. 

In the case of non-archimedean v we employ the result of Yu [27]. Precisely, we 
use the second consequence of his "Main Theorem" on page 190 (see the bottom 
of page 190 and the top of page 191), which asserts that, assuming (1.19) of [27], 
but without assuming (1.5) and (1.15), the first displayed equation on the top of 
page 191 of [27] holds. 

In our notations, taking, as in the archimedean case, n = r + 1, using 1, bi, . . . , 6 r 
as Yu's b n , 61, ... , b n —i, noticing that Yu's parameters h n , hi, . . . , h n —i do not ex- 
ceed our d~ 1 Qo,d~ 1 Qi, . . . ,d~ 1 Q r , and setting Yu's B n to be 1, we re-state Yu's 
result as follows. Let p be the prime ideal of v and S a real number satisfying 
< 5 < 1/2; then 

Ordp(A-l) < (Cd) 2r+5 - P " .„ max {6061 •••e r logQ,3B}, 
(logpi,) 2 

q = 5- 1 e 6r2 d 2r P r v d e 1 ---e r . 

Here we replace Yu's Co by d r+1 , Yu's ci by e 6r2 d 3r and Yu's Co by (Cd) 3r+6 pf,(logp v )~ 
the constant C being absolute. Observing that 

logQ = log (S- 1 Q 1 ■ ■ ■ r ) + 0(r 2 dlogp v ), 

and modifying the absolute constant C, we obtain 

(5.2) Ordp(A-l) < (C*d) 2r+6 -^- max {6061 ••• 8 r log (S^Gi ••• r ) , SB] . 

logp v 1 v ' ' 

Notice that B > 30o- Set now 

logB 1 



min < 0i • • ■ r 



B 2 
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If 6 < 1/2 then the maximum in (5.2) doesn't exceed 0oOi ■ • • r log P. And if 
5 = 1/2, then 

r ^5<29i-.-e r) 

logP 

which, by [8, Lemma 2.3.3], implies that 

B < 46 1 • • • 6 r log (29i • • • 6 r ) < 4(r + l)6i • ■ • 6 r log B, 

and the maximum in (5.2) is at most 2(r + l)6o0i ■ • • 6 r \ogB. So in any case we 
obtain (again slightly adjusting the absolute constant C) the estimate 

(5.3) Ordp(A-l) < (C7f) 2r+6 -^-e ei • • • 6 r logP. 

_Ord (A 1) log Pv 

Finally, since |A — 1|„ = e p , where e p is the absolute ramification 

index of p, we obtain the result in the non-archimedean case as well. □ 

Remark 5.2. We choose the form of Baker's inequality in the Theorem 5.1 because 
of its convenience for our computations, although it is effective but not explicit. If 
one want to get an explicit bound for h(P), he can apply Matveev [22] and Yu [27] 
respectively, like [18], and he also can apply [6, Theorem C] to handle uniformly 
with the Archimedean and non- Archimedean cases. 



6. The case of mixed level 

In this section, we assume that N has at least two distinct prime factors. Then 
we will apply Baker's inequality to prove Theorem 1.1 and 1.2. 

In the sequel, we assume that P is an So-integral point of Xq and > 3. What 
we want to do is to obtain some bounds for h(P). 

From now on we let K = Kq ■ Q(Cjv) = -Ko(Cat)- Let S be the set consisting of 
the extensions of the places from Sq to K, i.e. 

S = {v g Mk ■ v\vo € So}. 

Then P is also an S'-integral point of Xq . 

Put d = [K : Q], s = \S\ and r = s - 1. Since j(P) g O s , we have 

h(P) = d- 1 d v io g + |j(p)| < y, lo s + \x p )\«- 

Then there exists some w g S such that 

h(P) < slog\j(P)\ w . 

We fix this valuation w from now on. Therefore, we only need to bound log |j(P)|uj. 

As the discussion in Subsection 3.3, P is also an S'-integral point of Xq^. Hence 
for our purposes, we only need to focus on the modular curve Xq 1 ■ 

We partition the set S into three pairwise disjoint subsets: S = Si U 52 U S3, 
where Si consists of places v g S such that P g Xc 1 (K v ) + , S2 = M|? \ Si, and 
S 3 = S\(S 1 US 2 ). 

From now on, for v g Si let c v be a u-ncarby cusp of P, and we write q v for q Cv 
and e v for e Cv - Notice that for any v g S3, it is non- Archimedean with |j(P)|u < 1. 

In the sequel we can assume that |j(P)|to > 3500, otherwise we can get a better 
bound than those given in Section 1. Then we have w £ Si and P g Sl Cw ,w 
Therefore, we only need to bound log \q w {P)~ 1 \ w . 
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From now on we assume that \q w {P)\w < 10 _Ar . Indeed, the inequality \q w (P)\ w > 
10~ N yields a much better estimate for h(P) than those given in Section 1. 
Notice that under our assumptions, we see that N > 2. 



6.1. Preparation for Baker's inequality. We fix an orbit O of the group action 
An /G\. Put U = uq, where uq is defined in (3.2). 

If 0rd Cii! [7 i=- 0, we can assume that Ord Ctu £7 < according to Proposition 3.2. 
In this case, combining with Proposition 3.6 (vi), we also can choose another orbit 
O 1 such that U and V are multiplicatively independent modulo constants with 
Oid Cm V > 0, where V = uqi . 

Define the following function 



W = 




if Oxd Cw U = 0, 
if Ovd Cw U ± 0. 



So we always have Ord c W = and W(P) € Os- In particular, W is integral over 

By Proposition 3.6 (iii), we have 
(6-1) l^W(P) = 1 + O w {A 2iN7 \q w (P)\]I N l 



where 



and 



7o, Cro ifOrd c „C/ = 0, 

Ord Cl „V -Ord Cro (7 -r o i jj I n 



h( 7w ) <24iV 7 log2. 



By Proposition 3.2, we know W(P) € 0* s . So there exist some integers b\ ■ ■ ■ b r 6 
Z such that VF(P) = uir]-^ • • • 77^ , where w is a root of unity and 771 , • • • ,ij r are from 
Proposition 4.1. Let 770 = wy^, 1 . Then we set 

(6.2) A = 1 - 1 W(P) = VoV ^ ■■■ v b /. 
Notice that 770 , • • • ,rj r £ K and 

(6.3) \K-l\ w <A^ 7 \q w {P)\T. 
For subsequent deductions, we need to bound h(W(P)). 

Proposition 6.1. We have 

h(W(P)) < 2sN 8 \og\q- 1 {P)\ w + 94sN 8 \ogN. 

Proof. First suppose that Ord Cu! U = 0. Then W = U. For v e S3, j(P) is a v-adic 
integer. Hence, so is the number W(P). In addition, it is easy to see that 

^2 d vPv = 12dN 3 \ogN, V < 12diV 3 log TV. 



BOUNDING j-INVARIANT OF INTEGRAL POINTS ON MODULAR CURVES 13 

Notice that for v £ Si, Ord c „(W) < A^ 4 . By Proposition 3.6 (iv), we have 
d- 1 d v log+ \W(P)\ V < NU- 1 dvloglq- 1 ^ + dT 1 ^ d v p v 

< A^T 1 J2 d " lo § \K P )U + sN A log | + 247V 3 log N 

veSi 

< N 4 h{P) + sN 4 log | + 24N 3 log N 

< sN 4 log \j(P)\ w + sN 4 log | + 24iV 3 log N 

< sA^logMP)- 1 ^ + siV 4 log3 + 24Ar 3 log^. 
It follows from Proposition 3.6 (v) that 

dr 1 ^2 d v \og + \W(P)\ V < iV 3 log 5900 + 12iV 3 log7V. 

ves 2 

Hence, we get 

h(W(P))=d- 1 Y, d v \og+\W(P)\ v 
veSiUS 2 

< sN 4 log ^{P)- 1 ^, +siV 4 log3 + 36iV 3 logiV + 7V 3 log5900. 
Now suppose that Oid Cm U ^ 0. For any v G Si, we have 

| log \W(P)\ V \ < |Qrdc - (ty)l log l^(P)- 1 !, + 2N 4 Pv . 

e v 

Here note that |Ord Ct ,(W)| < 2N 8 . For any v G Mg?, we have 

\\og\W(P)\ v \ < 2N 7 \og(\ j(P)\ v + 2400) + 27VV 
Apply the same argument as the above, we obtain 

h{W{P)) < 2sN 8 log ^{P)- 1 \ w + 2sN s log 3 + 72N 7 log N + 2N 7 log 5900. 
Now it is easy to get the desired result. □ 

6.2. Using Baker's inequality. If A = 1, we can get better bounds for h(P) than 
those given in Section 1, see Section 8. So in the rest of this section we assume 
A^l. 

Let B* = max{|6i|, • • • , |6 r |}, and let Oq, ©ij • • • j ©r be real numbers satisfying 

8fc > max{dh(r]k), 1}, k = 0,---,r. 

By Theorem 5.1, there exists an absolute constant C that can be determined ex- 
plicitly such that the following holds. Choosing B > B* and B > max{3, ©i, • • • , Q r }, 
we have 

(6.4) |A- l| w > e- Teoei - e " losS , 

where T = (Cd) 2r+6 p d . Recall that p has been defined in Section 1. 
Applying (6.3), we have 

e -r0oe 1 ...e r iogB< 4 24^| gw(p) |i/JV > 

Hence, we obtain 

(6.5) log mp)- 1 !™ < Anfe e 1 ---e r iogP + 48Ar 8 iog2. 
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According to Proposition 4.1, we can choose 

Ok = d(h(r] k ), k = !,-■■ ,r. 

So we have 

6i---9 r <r 2r CR(S). 

Since 

eflifao) = dh(7 w ) < 24d7V 7 log2, 

we can choose 

9 = 24dN 7 \og2. 

Corollary 4.2 tells us that 

B* < 2dr 2r (h{W(P)). 

Notice that we also need B > max{3, 0i, • • • , & r }, by Proposition 4.1 and Propo- 
sition 6.1 we can choose 

B = r 2r ( r R{S) + 2dr 2r ( (2siV 8 log ^(P)- 1 ^ + 94siV 8 logiV) . 

Again, we write B = a log \q w (P)~ \ w + /?, where 

a = 4dsr 2r (N s , 

(3 = r 2r ( r R(S) + 188dsr 2r (N 8 log N, 

Hence, (6.5) yields 

alog\q tu (P)- 1 \ w +p<aNTe Q 1 --Q r log(alog\q w (P)- 1 \ w +/3)+48aN s log2+p. 
Here we put C x = aNTQ ®i ■ • • r and C 2 = 48aN 8 log 2 + (3, then 

alog {qUPy^u, + P < C x log(a log \q m {P)- x \ w + /?) + C 2 . 
Therefore, by [8, Lemma 2.3.3] we obtain 

a\og\q w (P)- 1 \ w +(3<2{C 1 logC 1 +C 2 ). 

Hence 

logMP)- 1 !™ < 2a- 1 CilogCi +a- 1 (2C 2 - /3). 

That is 

log |j(P)U < 2a~ 1 C 1 logd + a" 1 (2C 2 - /3) + log 2. 

So we have 

h(P) < 2sa" 1 CilogCi + sa~ 1 (2C 2 - /?) + slog 2. 
Finally we get 

(6.6) h(P) < dsr 2r CN 8 TR(S) log(d 2 sr 4r C +1 A^ 16 Ti?(5)). 

To get a bound for h(P), we only need to calculate the quantities in the above 
inequality. 



BOUNDING j-INVARIANT OF INTEGRAL POINTS ON MODULAR CURVES 



15 



6.3. Proof of Theorem 1.1. Under the assumptions of Theorem 1.1, we have 
K = Q(Cn) and S = M£?. It follows from Proposition 4.3 and [26, Proposition 2.7] 
that 

R(S) < <^(iV)- 1 A^W/ 2 (logiV)^ JV) - 1 . 

Since C < (logd) 3 and log(d 2 sr 4r C r+1 A rl6 Ti?(5)) < (p(N)logN, applying (6.6) 
we obtain 

h(P) < c^N^W+^ilogN)^)-^ 
the constant C being modified. Hence we prove Theorem 1.1. 

6.4. Proof of Theorem 1.2. Now we need to give a bound for h(P) based on the 
parameters of Kq with the assumptions of Theorem 1.2. 

Firstly, notice that 

s < ip(N)s < sqN - 1, 
r = s - 1 < s Q N - 2, 
d < <p(N)d < d N - 1, 
C«(logd) 3 < (log^o^)) 3 - 
Using Proposition 4.3, we estimate R(S) as follows: 

R(S) « d- d ^\D\{\og\D\) d - 1 J] \ogM K/q {v). 

v]oc 

Since M K/ q{v) < 

p [K:Q] = p d^ 

this implies the upper bound 
(6.7) logP(5) < -log|£>| +dloglog|L>| +dslogp. 

Let Dx/K De the relative discriminant of K/Kq. We have 
D=N Ko/Q {D K/KQ )Df-- Ka] . 

We denote by Ok and Ok the ring of integers of K and K respectively. Since 
K = K ((n), we have 

Ok Q O k „[Cn] C Ok- 

By [17, III (2.20) (b)] and note that the absolute value of the discriminant of the 
polynomial x N — 1 is N , we get 

Dk/k \N n . 

So 

Wk o/ q{D k/Ko )\<N^ n . 

Hence 

\D\ < N daN \D \ N . 

Now let vq be a non-archimedcan place of Kq, and v\ , • • • , v m all its extensions to 
K, their residue degrees over K being /i, • • ■ , f m respectively. Then fi + - ■ ■ + f m < 
[K : K ] < N, which implies that /i ■ • • f m < 2 N . Since Af K /Q(v k ) = ■N'ko/qM^ 
for 1 < k < m, we have 

[] \ogM K/Q {v) < 2 N (logAfK /®(vo)) N . 

v\v 
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Hence 

N 



(6.8) ] \ogN- K/Q (v) < 2 S ° N 



( \ 

n i °gN Ko /®(v) 

. vGSo 

\ v'joo / 



If we now denote by A the quantity defined in (1.1), then using (6.7) and (6.8), 
we obtain the following estimates: 

R(S) < 2 soN A, 

R(S)\og(d 2 sr ir C +1 N le TR(S)) < 2 SaN d s 2 N 2 P A. 
Finally, using (6.6) we get 

(6.9) h(P) < (Cd oSo N 2 ) 2soN (log(d ^))V oJV A, 

the constant G being modified. 

Therefore, Theorem 1.2 is proved. 

7. The case of prime power level 
In this section, we assume that N is a prime power. 

As Section 6, we can define a similar function W . But in this case W(P) $ 0* s 
by Proposition 3.2. So we need to raise the level. Put 

!2N if N is not a power of 2, 
37V if N is a power of 2. 

Notice that Xq is also a modular curve of level M and > 3, since we have the 
following natural sequence of morphisms 

X{M) -> X(N) -> X G X(l). 

Since Gal(Q(X(M))/Q(j)) = GL 2 (Z/MZ)/ ± 1, X G corresponds to a subgroup 
G of GL 2 (Z/AfZ) containing ±1. In fact, The restriction of G on is G. The 

modular curve X^ has the same integral geometric model as Xq- In particular, P 
is also an So-integral point of Xq. 

Therefore, from Theorem 1.1 and 1.2, we can get two upper bounds for h(P) by 
replacing N by M, which proves Theorem 1.3. 

8. The case A = 1 

In this section, we suppose that N is not a prime power without loss of generality. 
Under the assumption A = 1 we can obtain better bounds for h(P) than those given 
in Section 1. 

Let c be a cusp of Xg 1 and v € Mk- We also denote by v the unique extension 
of v to K v . Recall fl c ,v an d the g-parameter q c mentioned in Section 3.3, for the 
modular function U defined in Section 6.1, we get the following lemma. 

Lemma 8.1. There exist an integer function /(•) with respect to q c and AJ, Aj, A3 • • • 
Q{Cn) such that the following identity holds in v-adic sense, 

(8.1) log ^tL = W(«c)i + £ K£ ,N , 

7o,c9c ° c fc=1 
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and 

Ifcj" 1 if v is finite, 



K\v<\ 24,N 2 (k + N) if v is infinite. 
In particular, for every k > 1 we have 

h(X%) < log(24iV 3 + 24fciV 2 ) + logfc. 
Proof. By definition, we have 

(8.2) U{q pl a - = TF fl (l-q^e 2 ^) 12N f[(l-ql l+1 -^e- 2 ^) 12N . 
Since 

I ]T 127V| 9c |^+^12iV|g c |:;+ 1 -^ 

aeO \ n=0 n=0 

is convergent, it follows from [2, Chapter 5 Section 2.2 Theorem 6] that the right- 
hand side of (8.2) is absolutely convergent (v is infinite). It is also true when v is 

oo oo 

finite. Then we can write (8.2) as the form J| (1 + d n ) such that Y[ (1 + d n ) is 

n— 1 n— 1 

absolutely convergent. Hence, [2, Chapter 5 Section 2.2 Theorem 5] (v is infinite) 
and [19, Chapter IV Section 2] (v is finite) give 

lOg T^TTT 



^ OO oo 

= 27r/(g c )i+^ l2Nl °g( l - g"+ ai e 27rW2 ) + ^ 12JVlog(l - g c n+1 - ai e- 27r 

L#0 



where by default /(g c ) is always equal to if v is finite. Applying the Taylor 
expansion of the logarithm function to the right-hand side of the above formula, 
we get the desired formula for log — U ^d c u ■ 

lO.cqa ' c 

For a fixed non- negative integer n (where we assume n > if a\ =0), write 

oo 

log(l-q?+ a ie 2 ™*)=J2<Xkq k/N . 

fe=i 

An immediate verification shows that 



, | , ( \k\ v 1 if v is finite, 
]aklv S { 1 if v is infinite. 



Same estimates hold true for the coefficients of the g-series for log(l— g™ +1 ~ ai e~ 2Tm2 ). 

For each a 6 0, the number of coefficients in the g-series for log(l — g™+ a i e 27ria 2) 
which may contribute to \ c k (those with < n < k/N) is at most k/N + 1, and the 
same is true for the g-series for log(l — (? » l + 1 - a i e - 27ria 2^ The bound for \\%\ v now 
follows by summation. □ 

Corollary 8.2. Assume that Ord c C/ = 0. Then A? ^ for some k < N 6 . 
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Proof. Since U is not a constant, there must exist some \ c k ^ 0. Under the assump- 
tion Ord c [/ = 0, we have U(c) = jo,c, and then f(q c (c)) = by (8.1). We extend 
the additive valuation Ord c from the field K(Xq 1 ) to the field of formal power 
series K((ql /ec )). Then Ord c q c 1/<5c = 1 and Ord c (-2%f(q c )i + log(Z7/7o,c)) < 
Ord c log (U/jo.c) = Ord c (U/jo.c — 1)- The latter quantity is bounded by the 
degree of U/jo.c — 1, which is equal to the degree of U. 

The degree of U is equal to \ |Ord Co U\, here the sum runs through all the 

CO 

cusps of Xg 1 - Then the result follows from Proposition 3.6 (ii). □ 

Now we can prove a general result. 

Proposition 8.3. Assume that Ord c J7 = 0. Then for P £ VL CV such that U(P) = 
Jo, c> we have 

log IqciPy 1 ^ < Ntp(N) log(24iV 14 + 24iV 9 ) + N log(48N 2 (N 6 + N + 1)). 

Proof. Let n be the smallest k such that X k ^ 0. Then n < N 6 . We assume 
that |g c (P)|„ < 10~ N , otherwise there is nothing to prove. Since Ord c E7 = and 

oo 

U(P) = 7o jC , it follows from Lemma 8.1 that 2irf(q c (P))i + £ \%q c (P) k/N = 0. 

k—n 

oo 

Suppose that f{q c (P)) = 0. Then \X c n q c (P) n / N \ v = \ £ \ c k q c (P) k I N \ v . On 

k=n+l 

one side, we have 

oo oo 

I £ x%q c (p) k /%< £ \xt\ v Wo{P)t /N 

k— n+1 fe= n+1 

oo 

< J2 2AN 2 (k + N)\q c (P)\ k y N 

k=n+l 

= 48N 2 {n + N+ l)| 9c (P)|("+ 1 )/ Jv . 
On the other side, using Product Formula we get 

\X c n \v > e~^^ h ^ > (24nN 3 + 2472 2 N 2 )-* {N) - 
Then the desired result follows easily. 

oo 

Suppose that /(g c (P)) + 0. Then2?r < | £ Klc{P) k/N \v < 48N 2 (n+N)\q c {P)\y 

k—n 

Then we get 

logl^P)" 1 ^ < 7Vlog(48iV 2 (iV 6 + N)). 

□ 

Now we assume that Ord Cro C/ = 0. Then we have W = U. Since A = 1, 
W(P) = "fo,c m ■ For the ^-integral point P of Xq x fixed in Section 6, applying the 
above proposition to W, we obtain 

h(P) < S (log| gu) (P)- 1 U + log2) 

< s N (N<p(N) log(247V 14 + 24N 9 ) + N log(48iV 2 (iV 6 + JV+ 1)) + log 2) . 

Now wc assume that Ord^f/ ^ 0. Then W = U° ld °<° v V-° ld °<° u with Ord Cui W = 
0. Proposition 3.6 (vi) guarantees that W is not a constant. Applying the same 
method as the above without difficulties, we can also get a better bound than 
Theorem 1.1 and 1.2. Wc omit the details here. 
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In conclusion, if assuming A = 1, we can get polynomial bounds for h(P) in 
terms of so and N, which are obviously better than those in Theorems 1.1-1.3. 
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